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AN INTERPOLATION OF OHNO’S RELATION TO
COMPLEX FUNCTIONS
MINORU HIROSE, HIDEKI MURAHARA, AND TOMOKAZU ONOZUKA
Abstract. Ohno’s relation is a well known formula among mul-
tiple zeta values. In this paper, we present its interpolation to
complex functions.
1. Introduction
For complex numbers s1, . . . , sr ∈ C, we define the multiple zeta
function (MZF) by
ζ(s1, . . . , sr) :=
∑
1≤n1<···<nr
1
ns11 · · ·n
sr
r
.
Matsumoto [5] proved that this series is absolutely convergent in the
domain
{(s1, . . . , sr) ∈ C
r | ℜ(s(l, r)) > r − l + 1 (1 ≤ l ≤ r)},
where s(l, r) := sl + · · ·+ sr. Akiyama-Egami-Tanigawa [1] and Zhao
[10] independently proved that ζ(s1, . . . , sr) is meromorphically con-
tinued to the whole space Cr. The special values ζ(k1, . . . , kr) (ki ∈
Z≥1 (i = 1, . . . , r − 1), kr ∈ Z≥2) of MZF are called the multiple
zeta values (MZVs). The MZVs are real numbers and known to sat-
isfy many kinds of algebraic relations over Q. One of the most well
known formulas in this field is Ohno’s relation. We say that an index
(k1 . . . , kr) ∈ Z
r
≥1 is admissible if kr ≥ 2.
Definition 1.1. For an admissible index
k := (1, . . . , 1︸ ︷︷ ︸
a1−1
, b1 + 1, . . . , 1, . . . , 1︸ ︷︷ ︸
al−1
, bl + 1) (ap, bq ≥ 1),
we define the dual index of k by
k
† := (1, . . . , 1︸ ︷︷ ︸
bl−1
, al + 1, . . . , 1, . . . , 1︸ ︷︷ ︸
b1−1
, a1 + 1).
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Theorem 1.2 (Ohno’s relation; Ohno [9]). For an admissible index
(k1, . . . , kr) ∈ Z
r
≥1 and m ∈ Z≥0, we have
∑
e1+···+er=m
ei≥0 (1≤i≤r)
ζ(k1 + e1, . . . , kr + er) =
∑
e′
1
+···+e′
r′
=m
e′
i
≥0 (1≤i≤r′)
ζ(k′1 + e
′
1, . . . , k
′
r′ + e
′
r′),
where the index (k′1, . . . , k
′
r′) is the dual index of (k1, . . . , kr).
From an analytic point of view, Matsumoto [6] raised the question
whether the known relations among MZVs are valid only for posi-
tive integers or not. It is known that the harmonic relations, e.g.,
ζ(s1)ζ(s2) = ζ(s1, s2) + ζ(s2, s1) + ζ(s1+ s2) are valid not only for pos-
itive integers but for complex numbers. Unfortunately, there are no
known such relations except for the harmonic relations above or rela-
tions which contain infinite sums of MZF obtained by the authors (see
Hirose-Murahara-Onozuka [3]).
As a weaker version of the question, we can consider the prob-
lem whether the known relaions among MZVs can be interpolated
by complex variable functions. As related to this question, there are
several studies using the Mordell-Tornheim zeta functions (see e.g.,
Matsumoto-Tsumura [7]). Based on such circumstances, we give a
complex variable interpolation of Theorem 1.2.
For an admissible index k = (k1 . . . , kr) ∈ Z
r
≥1 and s ∈ C, we define
Ik(s) :=
r∑
i=1
∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
·
1
nsi
∏
j 6=i
nj
nj − ni
.
By Zhao-Zhou [11, Proposition 2.1], we can easily check that this series
converges absolutely when ℜ(s) > −1. This is a sum of special cases
of ζsl(r+1)(s) which is called the Witten MZF associated with sl(r+1).
This function is first introduced in Matsumoto-Tsumura [8], which is
also called the zeta function associated with the root system of type Ar
(for more details, see Komori-Matsumoto-Tsumura [4]), and continued
meromorphically to the whole complex space Cr(r+1)/2. Hence Ik(s)
can be continued meromorphically to C.
Theorem 1.3. For an admissible index k and s ∈ C, we have
Ik(s) = Ik†(s).
Remark 1.4. As we shall see in the next section, Theorem 1.3 is a
generalization of Theorem 1.2 (see Lemma 2.2).
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2. Proof of theorem 1.3
Lemma 2.1. For m ∈ Z≥0 and a1, . . . , ar ∈ R with ai 6= aj for i 6= j,
we have ∑
e1+···+er=m
ei≥0 (1≤i≤r)
ae11 · · ·a
er
r =
r∑
i=1
am+r−1i
∏
j 6=i
(ai − aj)
−1.
Proof. By putting
Ai := a
r−1
i
∏
j 6=i
(ai − aj)
−1,
we have
1
1− a1x
· · ·
1
1− arx
=
A1
1− a1x
+ · · ·+
Ar
1− arx
.
Then we find the desired result. 
Lemma 2.2. For an admissible index k = (k1, . . . , kr) ∈ Z
r
≥1 and
m ∈ Z≥0, we have
Ik(m) =
∑
e1+···+er=m
ei≥0 (1≤i≤r)
ζ(k1 + e1, . . . , kr + er).
Proof. By Lemma 2.1, we have
Ik(m) =
∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
r∑
i=1
(
1
ni
)m+r−1∏
j 6=i
ninj
nj − ni
=
∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
r∑
i=1
(
1
ni
)m+r−1∏
j 6=i
(
1
ni
−
1
nj
)−1
=
∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
∑
e1+···+er=m
ei≥0 (1≤i≤r)
(
1
n1
)e1
· · ·
(
1
nr
)er
=
∑
e1+···+er=m
ei≥0 (1≤i≤r)
ζ(k1 + e1, . . . , kr + er). 
In the proof of Theorem 1.3, we use the following lemma (for details,
see e.g., Apostol [2]).
Lemma 2.3. Given two Dirichlet series
F (s) :=
∞∑
n=1
f(n)
ns
and G(s) :=
∞∑
n=1
g(n)
ns
,
both absolutely convergent for ℜ(s) > σa. If F (s) = G(s) for each s in
an infinite sequence {sk} such that ℜ(sk) → ∞, then f(n) = g(n) for
every n.
4 MINORU HIROSE, HIDEKI MURAHARA, AND TOMOKAZU ONOZUKA
Proof of Theorem 1.3. By Theorem 1.2 and Lemma 2.2, we have Ik(s) =
I
k
†(s) for s ∈ Z≥0. Since
∞∑
ni=1
1
nsi
( ∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
∏
j 6=i
nj
nj − ni
)
is a Dirichlet series for each i, the function Ik(s) is also a Dirichlet
series. By Lemma 2.3, we have Ik(s) = Ik†(s) for ℜ(s) > −1. Since
Ik(s) =
r∑
i=1
∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
·
1
nsi
∏
j 6=i
nj
nj − ni
=
r∑
i=1
(−1)i−1
∞∑
m1,...,mr=1
1
mk1−11 (m1 +m2)
k2−1 · · · (m1 + · · ·+mr)kr−1
×
1
(m1 + · · ·+mi)s+1
∏
j<i
1
mj+1 + · · ·+mi
∏
j>i
1
mi+1 + · · ·+mj
,
Ik(s) can be regarded as the sum of the zeta functions associated with
the root system of type Ar. Thus Ik(s) can be meromorphically con-
tinued to the whole space of C. 
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